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WORKED EXAMPLE 2: FACTORING NEEDED

UNDERSTANDING THE BASICS OF ALGEBRAIC FRACTIONS

Algebraic fractions, also known as rational expressions, are fractions where the numerator, denominator, or both contain algebraic expressions (such
as polynomials). For example, (x + 2) / (x? - 4) is an algebraic fraction. Many students find the process of dividing these fractions challenging, but
once you master the underlying principles, it becomes a straightforward extension of dividing numerical fractions. The key is to approach the problem
step by step: remember the rule of "invert and multiply," factor where possible, and cancel common factors before multiplying. In this article, we will
thoroughly answer the question "How do you divide algebraic fractions?" with clear explanations, worked examples, and practical tips to help
you build confidence.

THE GOLDEN RULE: INVERT AND MULTIPLY

Just like with numerical fractions, dividing one algebraic fraction by another is done by taking the reciprocal of the divisor (the second fraction) and
then multiplying. In other words:

(@/b) +(c/d)=(a/b) x(d/c)=(axd)/(bxc)

This rule holds true even when a, b, ¢, and d are algebraic expressions. The only extra condition is that none of the denominators (b, ¢, or d) can be
zero, and for algebraic fractions we must also consider values that make any denominator zero - these are called restrictions. For now, focus on the
mechanical process: invert the second fraction and change division to multiplication.

Why This Works

Consider the division of numbers: 6 + 2 = 3. If we write 6 as 6/1 and 2 as 2/1, then 6/1 + 2/1 = 6/1 x 1/2 = 6/2 = 3. The same logic applies to any
fraction. Algebraically, dividing by c/d is equivalent to multiplying by its reciprocal d/c because (c/d) x (d/c) = 1. So you are asking "how many times
does the divisor fit into the dividend?"

Now consider a more typical problem: (x2-9) / (x2 + 6x + 9) + (x - 3) / (x + 3).
Step 1: Factor everything:

e x2-9 = (x - 3)(x + 3) (difference of squares)

e X2+ 6x + 9 = (x + 3)? (perfect square trinomial)

e The divisor's numerator is x - 3 (already factored)

e The divisor's denominator is x + 3 (already factored)
So the problem becomes: [(x - 3)(x + 3)]1/[(x + 3)?] + (x-3) / (x + 3).

Step 2: Restrictions: Original denominators: (x+3)2 # 0 - x # -3; (x+3) # 0 = x # -3 (again). Also divisor numerator (x-3) becomes denominator after
inversion, so (x-3) # 0 » x # 3. Thus restrictions: x # -3, x # 3.

Step 3: Invert the divisor: [(x - 3)(x + 3)1/ [(x + 3)2] x (x + 3) / (x - 3).
Step 4: Multiply numerators: (x - 3)(x + 3)(x + 3) = (x - 3)(x + 3)2. Denominators: (x + 3)%(x - 3).

Step 5: Cancel common factors: Notice numerator and denominator both contain (x - 3) and (x + 3)2. Cancel them completely. What remains?
Numerator: 1; Denominator: 1 (since all factors cancel). So the result is 1 (provided the restrictions are satisfied).

Step 6: Simplified answer: 1, for x # -3, x # 3.

WORKED EXAMPLE 3: DIVIDING BY A WHOLE NUMBER OR MONOMIAL

Sometimes the divisor is not a fraction but a whole algebraic expression. For example: (2x / (x+1)) + 4x. We can write 4x as a fraction: 4x/1. Then
invert: (2x / (x+1)) x (1 /4x). Multiply numerators: 2x x 1 = 2x. Denominators: (x+1) x 4x = 4x(x+1). Cancel common factor x (x # 0): numerator
becomes 2, denominator 4(x+1). Simplify 2/4 = 1/2. Result: 1 / [2(x+1)], with restrictions x # -1 and x # 0.

STEP-BY-STEP PROCESS FOR DIVIDING ALGEBRAIC FRACTIONS

COMMON MISTAKES TO AVOID

To divide algebraic fractions effectively, follow these steps:

1. Factor everything possible. Factor the numerators and denominators of both fractions completely. Look for common factors, difference of
squares, trinomials, and other factoring patterns.

2. ldentify restrictions. Note the values of the variable that would make any denominator zero (including the denominator of the original divisor
before inversion). These are excluded from the domain of the expression.

3. Invert the divisor. Write the reciprocal of the second fraction (swap numerator and denominator). Change the division sign to multiplication.

4. Multiply the numerators together and the denominators together. You can multiply across directly, but it's more efficient to cancel
common factors first.

5. Cancel common factors. Look for factors that appear in both a numerator and a denominator. Cancel them (divide both by the common
factor). This simplifies the product.

6. Write the simplified expression. Multiply any remaining factors in the numerator and denominator. The result is your simplified algebraic
fraction, with restrictions stated.

WORKED EXAMPLE 1: SIMPLE MONOMIALS

Let's start with a basic example: (3x2 / 5y) + (x / 2y?).
Step 1: Factor? Here the expressions are already factored (monomials). No factoring needed.

Step 2: Restrictions: The denominators in the original fractions: 5y # 0 » y # 0; and x # 0 (from the divisor's denominator). Also after inverting, the
new denominator will include the original divisor's numerator (which becomes denominator), so we need x # 0, y # 0. So restrictions: x # 0, y # 0.

Step 3: Invert the divisor: (3x2 / 5y) X (2y? / x).
Step 4: Multiply numerators: 3x2 x 2y? = 6x2y2. Denominators: 5y X x = 5xy.

Step 5: Cancel common factors: We have a factor of x in numerator (x?) and denominator (x). Cancel one x, leaving x in numerator. Also y in
numerator (y?) and denominator (y). Cancel one y, leaving y in numerator. So we get (6 xy) / (5 x 1) = 6xy /5.

Step 6: Simplified result: 6xy / 5, with restrictions x # 0, y # 0.

When dividing algebraic fractions, students often make these errors:

* Forgetting to invert the second fraction. Always flip the divisor, not the dividend. A helpful trick: the dividend stays as is.

e Cancelling terms that are not factors. You can only cancel factors (multiplication), not terms that are added or subtracted. For example, in
(x+2) / (x+3), you cannot cancel the x because they are separate terms in the sum.

 Ignoring restrictions. When you cancel factors like (x-2), you must still state that x # 2 because the original expressions were undefined at
that value.

» Dividing by zero. Always check that the divisor is not zero overall. If the divisor's numerator is zero after simplification, the division is
undefined (unless the numerator is also zero in a special zero-over-zero form, but that requires limit concepts).

PRACTICE PROBLEMS WITH SOLUTIONS

Try these problems to test your understanding. Simplify each division, stating any restrictions.

1. (a/b) + (c/d) — general form. (Answer: ad/bc, with b=0, c#0, d#0)
2. ((x+1) /(x-2) ) = ((x2+2x+ 1)/ (x>-4))
3. ((y2-4y +4)/(y?-4)) + ((y-2)/ (y+2))

Solution for problem 2: Factor: x2+2x+1 = (x+1)?; x?-4 = (x-2)(x+2). Invert: [(x+1)/(x-2)] X [(x-2)(x+2) / (x+1)?]. Cancel (x-2) and one (x+1):
numerator: 1x(x+2) = x+2; denominator: 1x(x+1) = x+1. Answer: (x+2)/(x+1), with restrictions x # 2, x # -2, and x # -1 (original denominators).
Also x # -1 from divisor numerator after inversion (since it becomes denominator).

Solution for problem 3: y?-4y+4 = (y-2)?; y?-4 = (y-2)(y+2). Problem becomes: [(y-2)? / ((y-2)(y+2))] + [(y-2)/(y+2)]. Invert and multiply: [(y-2)%/(
(y-2)(y+2) )] x [(y+2)/(y-2)]. Cancel (y-2) from numerator and denominator (one from top, one from bottom): numerator: (y-2)x(y+2) ; denominator:
(y+2)%x(y-2) = (y-2)(y+2). They are identical, so result = 1, provided y=2, y=-2.

WHY DIVIDING ALGEBRAIC FRACTIONS MATTERS

Dividing algebraic fractions is not just an abstract algebra exercise. It appears frequently in calculus (simplifying difference quotients), in solving
rational equations, in physics formulas involving rates, and in engineering contexts where rational expressions model systems. Mastering this skill
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also reinforces factoring, domain restrictions, and the fundamental property of fractions. Once you are comfortable with the process, you can handle * Factor first, invert second. Life is easier if you factor before inverting, because you can often see cancellations more clearly.
more complex rational expressions involving multiple variables or higher-degree polynomials. e Write the division as a multiplication by the reciprocal immediately. This reduces the chance of error.
¢ Always list restrictions based on the original problem. Even after simplification, those values are not allowed.
TIPS FOR SUCCESS ¢ Check your answer by substituting a simple number (like 2 or 3) into the original expression and your simplified expression (avoiding
restrictions). They should give the same value.

2 How Do You Divide Algebraic Fractions 2023-09-24



