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INTRODUCTION: UNLOCKING THE
SECRETS OF DOMAIN AND RANGE

In algebra, every function is like a
machine that takes an input and
produces an output. But not every input
is acceptable, and not every output is
possible. The set of all allowable inputs
is called the domain, and the set of all
possible outputs is the range. Knowing
how to find domain and range of a
function algebraically is a
fundamental skill that unlocks deeper
understanding of graphs, inverses, and
real-world applications. While graphing
can give a visual answer, the algebraic
method is precise, reliable, and doesn't
require a calculator. This article will walk
you through clear, step-by-step
techniques to determine the domain and
range of various types of functions,
using only algebra.

WHAT DOES "DOMAIN AND
RANGE" MEAN ALGEBRAICALLY?

The domain of a function is the set of all
real numbers for which the function is
defined. Algebraically, this means
identifying any values that would cause
division by zero, even roots of negative
numbers, logarithms of non-positive
numbers, or other undefined operations.
The range is the set of all possible
output values (usually y-values) that
result from plugging in the domain.

Finding the range algebraically often
involves solving for x in terms of y, or
analyzing the behavior of the function
over its domain.

GENERAL STRATEGY FOR
FINDING DOMAIN

To find the domain algebraically for any
function, follow these steps:

1. Identify any restrictions: look for
denominators, radicals with even
indices, logarithms, or other
operations that impose conditions
on the input.

2. Set up inequalities or equations
that express those restrictions
(e.g., denominator # 0, radicand =
0, argument of log > 0).

3. Solve for the allowable values of x.

4. Write the domain in interval
notation (or set-builder notation if
preferred).

Don't forget that the domain is always a
set of real numbers. If no restrictions
exist, the domain is all real numbers,
written as (— o, »).

Example 1:
Polynomial
Functions

Polynomials like f(x) = x2 — 3x + 2 have
no denominators, no radicals, and no
logarithms. They are defined for every
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real number. Therefore, the domain is
(=, ©). The range, however, may be
limited. For a quadratic, find the vertex.
Here the parabola opens upward with
vertex at (1.5, —0.25), so the range is
[-0.25, «).

FINDING DOMAIN FOR RATIONAL
FUNCTIONS

Rational functions are fractions where
the numerator and denominator are
polynomials. The only restriction is that
the denominator cannot be zero. Set the
denominator equal to zero and solve.
Exclude those x-values from the domain.

Example: f(x) =
(x+2)/(x? — 4)

Set denominator: x2 — 4 = 0 -
(x=2)(x+2)=0 » x = 2 or x = —=2.
Domain: all real numbers except —2 and
2. In interval notation: (—«,—2) U (=2,2)
U (2,). To find the range of a rational
function, you can examine horizontal
asymptotes and see if the function can
take any value except perhaps a
particular y-value (i.e., the horizontal
asymptote). Solve for x in terms of y and
see which y-values make the equation
possible. For this function, after
simplifying, the range is (—,1) U (1,c).
The horizontal asymptote is y=1, but
note that f(x) can never equal 1 because
that would require 0=4, impossible.

FINDING DOMAIN FOR RADICAL
FUNCTIONS

For square roots (and any even-index
radical), the radicand must be = 0. For
cube roots (odd index), no restriction
exists (any real number under a cube
root is fine).

Example: f(x) =
V(3x — 6)

Set radicand 2 0: 3x =6 =20 -» x = 2.
Domain: [2, »). To find the range: the
square root function returns non-
negative values. As x goes from 2 to o,
V(3x—6) goes from 0 to «, so range is [0,

)

Example with
odd root: f(x) =
V(X+1)

No restriction, domain: (—», »). The
range is also all real numbers because
cube root covers all reals.

FINDING DOMAIN AND RANGE
FOR EXPONENTIAL AND
LOGARITHMIC FUNCTIONS

Exponential functions (e.g., f(x) = 2%)
are defined for all real x, so domain is
(=, »), The range is (0, «) because any
positive base raised to a real exponent is
always positive (and can approach 0 but
never reach it).

Logarithmic functions require the
argument to be strictly positive. For f(x)
= |log2(x+3), set x+3 > 0 » x > -3,
domain: (=3, «). The range of any
logarithmic function is all real numbers

(=, ).

FINDING DOMAIN FOR COMBINED
FUNCTIONS

When a function contains multiple
restrictions (e.g., a fraction with a radical
in the denominator), you must satisfy all
conditions simultaneously. Solve each
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restriction and take the intersection of
the intervals.

Example: f(x) =
1/V(x=5)

Two restrictions: denominator not zero
(V(x=5) # 0) and radicand inside square
root = 0 (x=5 = 0). Combine: x=5 >0
(strictly greater because denominator
cannot be zero). So x > 5. Domain: (5,
). The range: the function returns
positive values. As x = 5*, denominator
- 0%, s0 f(x) = «. As x =» o, denominator
- o, f(x) =» 0*. Range: (0, ).

Example: Using
"Solve for x"

Find range of f(x) = (x—1)/(x+2). Sety =
(x=1)/(x+2). Solve: y(x+2) = x—=1 - yx
+ 2y =X-1->yx —-x=-1-2y -
x(y=1) = =(1+2y) -» x = (1+2y)/(1-y).
For x to be real, denominator 1-y # 0 =
y # 1. Also, note that when y=1 the
original equation gives no solution. So
range: all real numbers except 1, i.e.,
(=,1) U (1,0).

SPECIAL CASES: PIECEWISE
FUNCTIONS

HOW TO FIND RANGE
ALGEBRAICALLY: A STEP-BY-STEP
APPROACH

Finding the range is often trickier than
the domain. Here are the most common
algebraic methods:

e Method 1: Solve for x. Writey =
f(x) and solve the equation for x in
terms of y. Then determine which
y-values allow a real solution for x.
The resulting set of y-values is the
range.

* Method 2: Use function
properties. For quadratics, find
the vertex and direction. For
rational functions, analyze
asymptotes and possible holes. For
monotonic functions, plug in
domain endpoints.

e Method 3: Consider inverses.
The range of f is the domain of its
inverse (if the inverse exists).

For piecewise functions, find the domain
and range of each piece separately, then
combine. Ensure you consider the points
where the definition changes. The
overall domain is the union of the x-
intervals given. The range is the union of
the y-values produced over those
intervals.

COMMON MISTAKES AND HOW
TO AVOID THEM

e Forgetting that the denominator
cannot be zero even if it contains a
radical (e.g., 1/vVx requires x > 0,
not x = 0).

e Assuming that all square root
functions have range [0, ) - but if
the function is shifted vertically or
reflected, the range changes.

e Not checking for values that make
the function undefined after
simplifying (e.g., canceling a
common factor in a rational
function removes a hole, but the
domain excludes that x).

e Writing domain/range as an
inequality without proper interval
notation.



PRACTICE PROBLEMS WITH STEP-
BY-STEP SOLUTIONS

Problem 1: f(x) =
(x? = 9)/(x = 3)

Domain: Denominator x—3 # 0 -» x # 3.
Domain: (—®,3)u(3,»). Range: Simplify:
(x2=9)/(x=3) = x+3, but only when x=#3.
So the graph is the line y=x+3 with a
hole at x=3, y=6. The range is all real
numbers except y=6: (—»,6)U(6,).

Problem 2: f(x) =
V(4 — x?)

Domain: 4—-x2=20->x2<4->-2=<x=<
2. Domain: [-2,2]. Range: The equation
y = V(4—x?) describes the upper half of a
circle of radius 2 centered at (0,0). y
ranges from 0 to 2. Range: [0,2].

Problem 3: f(x) =
In(x2 — 1)

Domain: Argument>0-x2-1>0-
(x=1)(x+1) >0 -»>x < =1orx > 1.
Domain: (—wo,-1)u(l,~). Range:
Logarithm functions have all real
numbers as output, so range: (—w, ©).

CONCLUSION: MASTERING
DOMAIN AND RANGE
ALGEBRAICALLY

Understanding how to find domain
and range of a function
algebraically empowers you to analyze
functions without relying on graphing. By
systematically identifying restrictions
from denominators, radicals, and
logarithms, you can accurately
determine the domain. For the range,
solving for x in terms of y is a powerful
algebraic technique that works for many
functions, especially rational and radical
ones. Practice with a variety of function
types—polynomial, rational, radical,
exponential, and logarithmic—to build
confidence. With these skills, you'll be
able to handle any algebraic function
and prepare for advanced topics like
calculus and linear algebra.
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